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Parameters. n,nL, nS , λ,
n = nL +nS , nL ≥ 1, nS ≥ 1, 0 < λ < 1.

Notation. ek, fλij ∈ Rn (k = 1, . . . , n; i = 1, . . . , nL; j = 1, . . . , nS),
ek(s) = δsk (s = 1, . . . , n), fλij = (1− λ)ei + λenL+j.

Show.
1) The nL(nS + 1) vectors ei, fλij (i = 1, . . . , nL; j = 1, . . . , nS) are convexly
independent—that is to say, no one of these vectors can be written as a
convex combination of the others.

2) The nL(nS + 1) vectors ei, fλij (i = 1, . . . , nL; j = 1, . . . , nS) are the
vertices of the convex polytope in Rn defined by the equations and in-
equalities

xk ≥ 0 (k = 1, . . . , n),
n∑
k=1

xk = 1,
n∑

k=nL+1

xk ≤ λ. (1)

Every element of this polytope is a convex combination of the ei, fλij vec-
tors.

My Interest.
I am interested in portfolios of n securities: nL is the number of the
securities purchased long, nS the number sold short. The inequality∑
k>nL xk ≤ λ represents the requirement that the total short position

be no more than λ percent of the whole.

Sketch of Proof.
Statement 1 is essentially an observation. As for statement 2, it is easy
to see that each x satisfying (1) is uniquely representable as a convex
combination of the ei, fλij when nL = 1. Furthermore, when

∑
k>nL xk = λ,

the fλij-coefficients of x can be taken as

qij =
xixnL+j
(1− λ)λ (2)

with the ei-coefficients zero—though this convex representation is not
unique for nL > 1.

In the general case set

y = y(t) = (1+ t)x− te1 (3)



with t ≥ 0. Then the vector y always lies on the
∑n
k=1xk = 1 hyperplane. It

starts off at x, but, as t increases, it must exit the (1)-polytope at either the
x1 = 0 hyperplane or the

∑
k>nL xk = λ hyperplane. If y exits at the x1 = 0

hyperplane, then, by induction on nL, the “last” y can be represented as a
convex combination of the ei, fλij with i > 1. On the other hand, if y exits
at the

∑
k>nL xk = λ hyperplane, then the “last” y is a convex combination

of the fλij by (2). Writing either “last” y as

y =
nL∑
i=1

piei +
nL∑
i=1

nS∑
j=1

qijfλij ,

we see from (3) that

x =
(
p1 + t
1+ t

)
e1 +

nL∑
i=2

(
pi

1+ t

)
ei +

nL∑
i=1

nS∑
j=1

( qij
1+ t

)
fλij

is a convex combination of the ei, fλij .


